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06 Constrution of measures with dilation
Henry de Thélin
Abstrat
We give a onstrution of measures with partial sum of Lyapunov exponents
bounded by below.
Key words: Lyapunov exponents, volume growth.
AMS: 28Dxx, 58F11.
Introdution
Let M be a ompat C1-Riemannian manifold of dimension d and let f : M 7→ M be a
C1-map.
For 1 6 k 6 d, we denote by Sk the set of C
1
-maps σ : Dk = [0, 1]k 7→ M . We dene the
k-volume of σ ∈ Sk with the formula:
V (σ) =
∫
Dk
|ΛkTxσ|dλ(x),
where dλ is the Lebesgue measure on Dk and |ΛkTxσ| is the norm of the linear map
ΛkTxσ : Λ
kTxD
k 7→ ΛkTσ(x)M indued by the Riemannian metri on M .
Some links between the volume growth of iterates of submanifolds of M and the entropy
of f have been studied by Y. Yomdin (see [8℄ and [4℄), S. E. Newhouse (see [7℄), O.S.
Kozlovski (see [6℄) and J. Buzzi (see [2℄).
In this artile, we prove that the volume growth of iterates of submanifolds of M permits
to reate invariant measures with partial sum of Lyapunov exponents bounded by below.
More preisely, for 1 6 k 6 d we dene the k-dilation:
dk := lim sup
n→∞
1
n
log sup
σ∈Sk
V (fn ◦ σ)
V (σ)
.
We will prove the following theorem:
Theorem. For all integer k between 1 and d = dim(M) there exists an ergodi measure
ν(k) for whih:
k∑
i=1
χi > dk.
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Here χ1 > χ2 > . . . > χd are the Lyapunov exponents of ν(k).
Notie that when k = d and f is a ramied overing in some sense, the theorem an be
dedued from a result due to T.-C. Dinh and N. Sibony (see [3℄ paragraph 2.3).
Proof of the theorem
Let k be a positive integer between 1 and d. We have to prove that there exists an ergodi
measure ν(k) for whih
k∑
i=1
χi = lim
m→∞
1
m
∫
log |ΛkTyf
m|dν(k)(y) > dk.
For the denition of Lyapunov exponents and for the statement of the previous equality,
see [5℄ and [1℄ hapter 3.
There will be three steps in the proof of the theorem.
In the rst one, we will hange the dilation dk into a dilation of |Λ
kTxf
n|. More preisely,
we will nd points xnl with
1
nl
log |ΛkTx(nl)f
nl | > dk − ε.
In the seond part, we will see that the dilation of |ΛkTx(nl)f
nl| an be spread out in time.
We will give the onstrution of a measure νl suh that dk − 2ε 6
1
m
∫
log |ΛkTyf
m|dνl(y).
The third step of the proof will be to take the limit in the previous inequality.
1) First step
Let nl be a subsequene suh that:
1
nl
log sup
σ∈Sk
V (fnl ◦ σ)
V (σ)
→ dk.
We an nd now a sequene σnl ∈ Sk whih veries:
1
nl
log
V (fnl ◦ σnl)
V (σnl)
→ dk.
In the next lemma, we prove that we have dilation for |ΛkTxf
n| for some x:
Lemma 1. For all l > 0 there exists x(nl) ∈M with:
log |ΛkTx(nl)f
nl| > log
(
V (fnl ◦ σnl)
2V (σnl)
)
.
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Proof. Otherwise we would have an integer l suh that for all x ∈M :
|ΛkTxf
nl | 6
V (fnl ◦ σnl)
2V (σnl)
.
So (see [1℄ hapter 3.2.3 for properties on exterior powers),
V (fnl ◦ σnl) =
∫
Dk
|ΛkTx(f
nl ◦ σnl)|dλ(x) =
∫
Dk
|ΛkTσnl (x)f
nl ◦ ΛkTxσnl |dλ(x)
is bounded by above by
∫
Dk
|ΛkTσnl (x)f
nl ||ΛkTxσnl)|dλ(x) 6
V (fnl ◦ σnl)
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and we obtain a ontradition.
Corollary 1. There exists a sequene ε(l) whih onverges to 0 suh that:
1
nl
log |ΛkTx(nl)f
nl| > dk − ε(l),
for some points x(nl) in M .
2) Seond step
In this setion, we will spread out in time the previous dilation.
Let m be a positive integer. We will now ut nl with m dierent ways.
By using the Eulidian division, we an nd qil and r
i
l (for i = 0, . . . ,m− 1) suh that:
nl = i+m× q
i
l + r
i
l
with 0 6 ril < m.
If i ∈ {0, . . . ,m− 1}, we have:
|ΛkTx(nl)f
nl| 6 |ΛkT
f
i+mqi
l (x(nl))
f r
i
l | ×
qi
l
−1∏
j=0
|ΛkTf i+jm(x(nl))f
m| × |ΛkTx(nl)f
i|,
so, by using the previous orollary,
nl(dk − ε(l)) 6 log |Λ
kT
f
i+mqi
l (x(nl))
f r
i
l |+
qi
l
−1∑
j=0
log |ΛkTf i+jm(x(nl))f
m|+ log |ΛkTx(nl)f
i|.
If we take the sum on the m dierent ways to write nl, we obtain:
3
mnl(dk−ε(l)) 6
m−1∑
i=0
log |ΛkT
f
i+mqi
l (x(nl))
f r
i
l |+
m−1∑
i=0
qi
l
−1∑
j=0
log |ΛkTf i+jm(x(nl))f
m|+
m−1∑
i=0
log |ΛkTx(nl)f
i|.
We have to transform this estimate on a relation on a measure. To realize that, we remark
that:
log |ΛkTfp(x(nl))f
m| =
∫
log |ΛkTyf
m|dδfp(x(nl))(y),
where δfp(x(nl)) is the dira measure at the point f
p(x(nl)).
So the previous inequality beomes:
dk − ε(l) 6 al +
1
m
∫
log |ΛkTyf
m|d

 1
nl
m−1∑
i=0
qi
l
−1∑
j=0
δf i+mj(x(nl))

 (y) + bl
with
al =
1
mnl
m−1∑
i=0
log |ΛkT
f
i+mqi
l (x(nl))
f r
i
l |
and
bl =
1
mnl
m−1∑
i=0
log |ΛkTx(nl)f
i|.
Now, beause f is a C1-map we have:
al 6
1
mnl
m−1∑
i=0
logLmk 6
km2
mnl
logL
where L = max(maxx |Txf |, 1) and:
bl 6
1
mnl
m−1∑
i=0
logLmk 6
km2
mnl
logL.
So the sequenes al and bl are bounded by above by a sequene whih onverges to 0 when
l goes to innity.
In onlusion, we have:
dk − ε
′(l) 6
1
m
∫
log |ΛkTyf
m|dνl(y) (1)
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with
νl =
1
nl
m−1∑
i=0
qi
l
−1∑
j=0
δf i+mj(x(nl)),
and ε′(l) a sequene whih onverges to 0.
3) Third step
The aim of this setion is to take a limit for νl in the equation (1).
First, observe that νl =
1
nl
∑nl−m
p=0 δfp(x(nl)) and that the sequene
1
nl
∑nl−1
p=0 δfp(x(nl)) − νl
onverges to 0. In partiular, there exists a subsequene of νl whih onverges to a measure
ν whih is a probability invariant under f and independant of m. We ontinue to all νl
the subsequene whih onverges to ν. To omplete the proof of the theorem, we have to
take the limit in the equation (1). However, we have to be areful beause the funtion
y 7→ log |ΛkTyf
m| is not ontinuous. But, we have the following lemma:
Lemma 2.
lim sup
l→∞
1
m
∫
log |ΛkTyf
m|dνl(y) 6
1
m
∫
log |ΛkTyf
m|dν(y).
Proof. For r ∈ N, let Φr(y) = max(log |Λ
kTyf
m|,−r).
The funtions Φr are ontinuous and the sequene Φr dereases to the map y 7→ log |Λ
kTyf
m|
when r goes to innity.
Then:
1
m
∫
log |ΛkTyf
m|dνl(y) 6
1
m
∫
Φr(y)dνl(y),
and,
lim sup
l→∞
1
m
∫
log |ΛkTyf
m|dνl(y) 6
1
m
∫
Φr(y)dν(y)
beause Φr is ontinuous. Now, we obtain the lemma by using the monotone onvergene
theorem.
It remains to take the limit in the equation (1). We obtain then the
Corollary 2. For all m, we have:
dk 6
1
m
∫
log |ΛkTyf
m|dν(y).
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In partiular,
dk 6
∫ k∑
i=1
χi(y)dν(y)
where the χ1 > χ2 > . . . > χd are the Lyapunov exponents of ν. Finally, by using the
ergodi deomposition of ν, we obtain the existene of an ergodi measure ν(k) with:
dk 6
k∑
i=1
χi.
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